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Abstract

A Clifford Space is counted to be a tempting approach to unify both micro-physics and macro-physics simultaneously. Such a
tendency may be found in the realm of replacing vectors with poly-vectors. Accordingly, the problem of motion becomes es-
sential to express the motion of extended particles rather than test particles. These equations are performed by using an
equivalent Bazanski Lagrangian in a Clifford space. From this perspective, a generalized type an equation for spinning density
tensors and spinning density deviation tensors are obtained. Spinning deviation tensors in a Clifford space may give a better
performance to examine the problem of stability for spinning density tensors as expressed in terms of vectors defined in such
a class of Riemannian geometry.
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Introduction

Geometrization of physics is counted to be one of the building blocks to perceive the philosophy of gen-
eral relativity. This concept may lead to describing physics within geometry, this may give rise to contin-
uously revisiting the notation of the type of physics as well as seeking earnestly to explore different types
of geometries capable of expressing physics.

Accordingly, such a challenging issue becomes vital to examine, which is the geometrization of mi-
crophysics together with microphysics. This type of inquiry has focused on searching for an eligible type
of geometry that can geometrize both branches of physics simultaneously.

Due to an insightful vision of microphysics, the question of the behavior of matter within a micro-
scopic level has introduced the situation of gauge invariance with its strong, weak, and electromagnetic
interactions that can be fundamentally invariant under local symmetry, while gravity is not combined with
them. Nevertheless, such a remedy to describe general relativity a gauge theory using inserting tetrad field
and spin connection is regarded as gauge potential which can be found throughout its corresponding co-
variant derivative. Using derivatives one can obtain invariance under the general coordinate transfor-
mation (GCT) as well as Local Lorentz Transformation (LLT) by Collins et al [1]. However, this tech-
nique is unable to detect the intrinsic spin of the particle, such an approach has to amend Riemannian ge-
ometry with non-Riemannian geometry, taking as a preliminary stage to the Riemann-Cartan geometry
which embodies in its classes the well-known Einstein-Cartan space. The advantage of Einstein Cartan
geometry is due to the existence of torsion tensor as being capable of describing intrinsic spin subject to
Poincare gauge theory [2, 3].

Fortunately, it has been figured out the Clifford Space may work for unifying both micro and macro-
physics simultaneously using Geometric Algebras while employing the concept of poly vectors rather
than vectors. The following section briefly accounts for Clifford’s space and its underlying geometry [4].
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From this perspective, equations of motion for test particles will be replaced by extended ones as
expressed in section (3) using a suggested method of obtaining both poly-vector and poly-vector devia-
tion [5].

Accordingly, the paper is organized as follows. In Section 2, we display the fundamentals of Clifford
space [6], Section 3 extends the Bazanski approach [7, 8] for poly-vectors [5].

Consequently, Section 4 displays a new approach of spinning fluid and the spinning density poly-
tensor is presented as an extension to its analog in Riemaian geometry [9]. The aim of dealing with the
behavior of spinning fluid and spinning density is a reliable issue to has been extended to examine the
spinning fluid of a variable mass as shown in Section (6) which is extended to introduce a generalized
form of spin density for poly-vectors in which it is capable to describe the motion of spinning density
matter such as plasma in express how near by the AGN as well as in early cosmology as illustrated in
Section (7).

Section (8), performs due to the importance of spin density deviation poly-tensor and its reliability,
the stability conditions for a spinning density orbiting a compact object [10].

Thus, the stability problem of poly-tensor for extended objects which is related to a deviation poly-
vector, whether the stability is concerned with a test particle, a spinning object or even a spinning density
poly-tensor may be obtained.

I1. C-space: An Overview

Following the geometrization scheme of physics, within the framework of geometric algebras rather
than the well-known tensor formalism. From this perspective, an alternative elegant formalism has been
performed by means of a Clifford space. The advantage of this space is its ability to explore new hidden
physics or show an insightful vision for revisiting the old notations of physics. Such a trend is crystal
clear using Clifford Algebra which leads to expressing many physical quantities in a compact form. It is
worth mentioning that, physical objects are considered as matter in space-time, they can be informed of
membranes (brane) of various dimensions (p-branes) that appear as a center of mass described by a point
particle and extended objects in terms of closed strings, ...etc. [12].

Due to the richness of Clifford algebra is scalars, vectors, bi-vectors, and r-vectors are expressed in
one form called Clifford aggregate or Poly-vector. Accordingly, it can be figured out that the Dirac matrix
plays a fundamental role in combining, scalars, vectors, and tensors in one form called a Clifford aggre-
gate. From this perspective, the coordinates o a poly-vector X, as follows [4]:

XM = xrarars... 2.1

Accordingly, it can be shown that poly-vector coordinates of C-space are parameterized not only by
1-vector coordinates x“ but also by the 2-vector coordinates x**, 3-vector coordinates x** ...etc. called
holographic coordinates, such that

xM =sl+xty, =x""y ~y, + Xy Ny Ny, XY N ANy A Y (2.2)

where the component S is the Clifford scalar components of a poly-vector valued coordinates.
Thus, in C-space proper time interval may be described as in Minkowski space [6]:

(dS)* = (ds)’ + dx ,dx" +dx,p, dx™ +... 23)

Yet, it is vital to be noted that in Clifford Space, there is a striking virtue, unlike the conventional
string theory which expressed within 26 dimensions in which gauge fields are de- scribed as compact di-
mensions; while in C-space there is only 16 non-compact dimensions. Consequently, [11] generalized the
conventional 4-dimensional space-time into 16 dimensional a la Klauza-Klein theory [4].

I. There is no need for extra-dimensions of space-time. Extra-dimensions in C-space.

II. There is no need to compactify the extra-dimensions. The extra-dimensions of C-space, namely

o, x"" ,x*"? sample the extended objects, therefore they are physical dimensions.
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III. The number of components GNM , #=0,1,2,3 and M # 4 1s 12, which is the same as the number

of gauge fields in the standard models.
Thus, the line element of poly-vectors in C-space become:

lax|* = ds? = G, pydx ™ dx ™ (2.4)
ie.

2 _ 3.2 -2 7 -4 uv -6 Hvp
dS” =ds” + L dx,dx" + L"dx,,, x"" + L7dx,,, ,x""" +...,

where Gy = EIT\,[EN is c-Space metric, L is the Planck length [4]. Equation (43) can be expressed as

—_ 2.5
Eodt o dt S odt dt ¢t odt  dt (2.5)

ds? = c2ar? (1+L__2dx_ﬂ I O A T e el +j

with taking into account that the parameter s is described only in the ordinary space-time i.e.
(ds)* = g dxtdx”.
Meanwhile, in C-space, Castro and Pavsic (2005) [4], showed that, there are some principles must

be revisited especially the speed of light which is no longer the upper limit to be reached, but another
combination of constants made of Planck’s length in the following way [4]:

7]

I. Maximum 1-vector speed =3x108ms™",
s
uv
II. Maximum 2-vector speed =1.6x10  m*s7",
e 62 3 -1
III. Maximum 3-vector speed =7.7x10""m’s™,
o 96 4 -1
IV. Maximum 4-vector speed r =77x10""m"s  ...etc.
s

Also, it is worth mentioning that using C-space a particle as observed from 4-dimensional space, that
can be speed of particles may be more than the conventional speed of light due to the 8involvement of
holographic coordinates x“*, x“"”...etc.; but does not exceed the modified speed of light due to C-space.
This can lead us to consider there will be a specific upper limit to objects due to p-bransas p=0, 1, 2, 3,
.... The Line element of poly-vectors in C-space is defined as follows [4]

dS? = GypdX™ xdx ™. (2.6)
Such that the matrix Gy is defined as

v G,,N:l

2.7
Gitv Giw @7

GMN :{

Those degrees of freedom are in principle not hidden by which we sample the extended objects,
therefore we do not need to compactify such internal space.
The metric of C-space Gy is subdivided into G, = g.» which relates to gravity, while gauge fields

Gir» where u# M assumes 12 possible values, excluding the four values of v =0, 1, 2, 3, and other 12
gauge fields ,to be defined as follows: 1 photon,3 weak gauge bosons and 8 gluons described 4,, 4,

a=1,2,3 and by A;c =1,2,3,...8 respectively.
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It can be found that the number of mixed components in G/M :(Gﬂl,Gﬂ[aﬁ],G #[aﬂy],G#[aﬁyﬁ]) of
Clifford metric coincides with the number of gauge fields in the standard model. For a fixed u, there are

12 mixed components of G it and 12 gauge fields 4,;,,W,, 4,,. This coincidence is fascinating and it may

indicate that the known interactions are incorporated in curved Clifford space.
The number of mixed metric Gt is 12 the same number as the number of gauge fields in the stand-

ard model. Nevertheless, there are also interactions due to components G;; but do not have the proper-

ties of Yang-Mills, taking into consideration the idea presented by Pavsic (2006) who has considered it as
a metric of an internal space [7] and references theirin. From is perspective, the Clifford version of bi-
gravity theory may be constructed. Such a study will be performed in our future work.

IL1. C-space: Underlying Geometry

A point in C-Space is defined as a set of holographic coordinates (s,x”,x“",. . ) forming the coordinates
of a poly-vector. Each one is expressed within bases {y,}= {l,yal Y agay Y agaras }, a <a,<ay <
<ag<as<..,r=123..., where y,,, =aAa,na;....

It is well known that the local basis y,, is related to the tetrad field e;, such that

Yu=€iVa-

In a geometric product a scalar and a bi-vector occur in one sum. Clifford algebra is a superposition,
called a Clifford aggregate or poly-vector.

Y A Vi - (2.8)

The differential of C-space is defined as follows [5]

04 B
dA = dx 2.9
S (2.9)
1.e
da =4 O g O gy (2.10)
os  ox* ot
in other words, if one takes 4 = y,, then
0 0
dy :%+ﬁdx“+ﬁdxﬂ"+..., (2.11)
#o0s  oxH ot
which becomes
dy, = T g T e 2.12
}/ﬂ—g-l- uv X + ulv.p] X" +..., ( . )
which can be reduced to
a a v 1 a V4
dy, :8—7s/+1“ﬂvdx 4R d (2.13)

where Rj,, is the curvature of space-time.
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Also, it can be found that for an arbitrary poly-vector 4"

DAM
=[PP 14, @14
where D is the covariant derivative with respect to a plane x**, such that
X
Ds
= —KP
T [D,.D, |s=K4,0,s, (2.15)

where K is the torsion tensor.

Da”

Dx“’

[D,.D, ]a” =Rp,,a” + K}, D,a“. (2.16)

Yet, this type of torsion (12) can related to the notation of torsion as mentioned by Hammond as
commutator the potential associated by a prescribed scalar field ¢ [25]

1
Kiw =508, - 070, @17)

Thus, we can figure out that the torsion as defined in C-space (Riemannian Type) through the pa-
rameters s may act like an independent scalar field defined in the usual context of Riemannian-Cartan ge-
ometry.

From examining equations (11) and (12), one can find the existence of a torsion tensor in the even
presence of a symmetric affine connection apart from its conventional notation definition of being the an-
tisymmetric part of an affine connection as in the context of non- Riemannian geometries [11]. Accord-
ingly, owing to C-space one may realize the dispute between the reliability of torsion propagating or non-
propagating this can be resolved by means of we describe torsion as a result of covariant differentiation of
areas of holographic coordinates and non-propagating as being defined as anti-symmetric parts of an af-
fine connection of poly-vectors or vectors, if one utilizes in the internal or external coordinate its corre-
sponding non-symmetric affine connection.

Consequently, we can regard that the geometry described within the coordinates of poly- vector de-
scribed not only Riemannian but also a non-Riemannian, i.e. the composition of a Riemannian affine
connection for the poly-vector is not necessarily Riemannian as well, This may through some light to find
out that a Riemannian poly-vector affine connection and curva- ture (external coordinate capital Latin let-
ters) may be described by non Riemannian quantities as describing its holographic coordinates (internal
coordinate (Greek letters)) [5].

(Curved Clifford Space) Yet, in C-space it is convenient to distinguish two frame fields [4]:

I. Coordinate frame field , whose bases elements 'y, M = 1, 2, 3....2" depend on the position of X in
C-space such that its the relation of wedge can not be preserved globally

Yot =V sy (2.18)

This leads to the scalar product of them gives the metric tensor of the C-space

1-7/M'7N =Gy (2.19)
Such that its associate covariant derivative is defined as
Oy vy =7y (2.20)

II. Orthonormal frame field, whose bases elements yu), (4) = 1, 2, 3, ...2 depend on X, such that at
every point there are wedge products determine
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Y(a) = Vet =Vay NVay NVay oo Ny (2.21)
Vo Vin =Mas (2.22)

where # is the metric tensor in flat space.
The derivative of a poly-vector is classified as follows [6]:
I. Scalar field
It is behaving as an ordinary partial derivative i.e

B
aM¢=aX;’L. (2.23)

II. Coordinate bases
On generic poly-vector field, becomes

Omry =Tin7os (2.24)
where FA%N is an affine connection, and the commutator of its derivative be

[aM’aN]7J = R.IfJMN7K (2.25)

III. Orthonormal bases (local frame field)
It turns to be

Om¥ia) =) (2.26)

such that Q’XN'N v acts as its appropriate spin connection.

Thus, the commutator of its derivative for the coordinate frame field becomes T'Y, is an affine con-

nection, and
[aM 78N]7/A = R.ZEAMNyB' (2.27)
Thus, one may define the covariant derivative for an aggregate poly-vector 4 one finds that:
0y AV yy =0y A yy + 4V0,, 4V = (0, AM + TN 4K )y =Dy AV vy, (2.28)

IL1I1. C-space and The Tetrad Field
The relationship between the two bases are related by the tetrad field £ associated with poly-vectors [12]

i = ESP o (2.29)
0¢
Opd :aX_M’ (2.30)

where Ej; is the C-space vielbein. Such that
Gy = El(l/;ﬂE[(\/B)UAB (2.31)

such that 77,5 = y( 75 Whose covariant derivative.

Such a description does not preclude the Non-Riemannian version of poly-vectors, which is a step to re-
visit the definition of the fundamental quantities that play an active role of describing such a type of geometry.

Accordingly, it is vital to note that the covariant derivative of C-space associated with Vielbein of
poly-vector takes the following condition [5]
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OnEy —TiwEp —Ey QG _y =0, (2.32)

Consequently, the covariant derivative shows that the tetrad field is invariant under general coordi-
nate transformation through FANIQ and local Lorentz invariance as expressed in terms QS__, represents

spin connection in C-space in which it is invariant under the general coordinate transformation of poly-
vectors the connection for the orthonormal frame field [5]. Similarly, its associated covariant derivative is
The components Dy A" are covariant derivative of tensor analysis.

The curvature of C-space is defined, as usually, by the commutator of derivatives acting on basis
poly-vectors:

[DM,DN]H ZRAI/([NJyK (2.33)
or
(B)
[DM»DN]7(A) = RAfNJ?(B) (2.34)

where Dyis the covariant derivative.
Meanwhile, introducing the reciprocal basis poly-vectors y* and y* satisfying

(M) 7y =52 (2.35)

:
(F) *ya) =58 (2.36)

The components of curvature in the corresponding basis

RAI/{INJ = aMrﬁJ _aerﬁJ +F§VJFJI\</IL _FJI\‘/IJrﬁL (2.37)
or
RK =0 QK . QK +Q(C) Q(B) —Q(C) Q(B) (2 38)
MN(4) — YM=“(HN N> M (A N>=(C)M (A M==(C)N> :

which is the analogous covariant derivative of the bases of vector ¢f, in Riemannian geometry for mani-

u
folds of points-like [4].

Moreover, there is a counterpart version of non-vanishing curvature and torsion as defined in non-
Riemannian geometry, in C-space leading to define torsion of poly-vectors to become

Ay =Ty —Tae- (2.39)
Also, the contortion of poly-vectors Qgpcy is given by

_ 1w
Qpeu =5 En (Ao ~ Ao + Aexis ) » (2.40)

where A[( DBIC) 1s defined as the Ricci coefficient of rotation
M N
Ao = EcoE) (OuEnie) = OuEne) )-

Moreover, another covariant derivative associated with non-symmetric affine connection Ty, is de-
fined as follows

Xy =0y XM +THe XS, (2.41)
such that
TN X =ThgX° + A, (2.42)
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M M _pM M

Xits — Xis = Rons X2 + A X0 (2.43)
K K =K TL FK _TL TK

Ryivy =0Ty =OnTay + Ty Uas = Ui Ui - (2.44)

Due to richness of these quantities this type work will be going to examine the behavior of extended
objects subjects have sensitivity to these quantities in our future work, while we focus in our present
study an approach to derive the equations of motion and their deviation paths for different extended ob-
jects spinning and charged for poly-vectors defined within the context of Riemannian-like C-Space are
displayed in the following sections.

II1. The Bazanski Approach for Poly-vectors

Equations of geodesic and geodesic deviation equations Riemannian geometry are required to examine
many problems of motion for different test particles in gravitational fields. This led many authors to de-
rive them by various methods, one of the most applicable ones is the Bazanski approach [8] in which
from one single Lagrangian one can obtain simultaneously equation of geodesic and geodesic deviations
which has been applied in different theories of gravity [8, 13—16]. Thus, by analogy, this technique in the
case of Poly-vector becomes [7]:

v D¥V
DS

L=G,U , (3.1)

where, Guy is the metric tensor, U, is a unit tangent poly-vector of the path whose parameter is S, and
W is the deviation poly-vector associated to the path (S), DS is the covariant derivative with respect to
parameter S.

Applying the Euler Lagrange equation, by taking the variation to the deviation poly-vector ¥¢

d oL OL
ds oy¢

- 0, (3.2)
ow¢
to obtain the geodesic equation

C
bu” _,, (3.3)
DS

and taking the variation with respect the the unit poly-vector U,

d oL oL _
ds ou¢ ox©

0, (3.4)

to obtain the geodesic deviation equation,
2@E
% = R U UPYE, (3.5)
DS
where Rf;cu is Riemann-Christoffel tensor described by poly-vectors.

IV. Spinning Motion in a Clifford Space

Spinning motion is regarded as one of the actual features of the characteristic behavior of objects in na-
ture, which led many authors to focus on the cause of the spinning process. Would be eligible to include
its internal properties or discard them as a step of simplification? From this perspective, it is vital, to
begin with equations of motion of spinning Mathisson-Papapetrou [17]:
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pPt 1, DB
=—R2;pSU”, 4.1
DS 2 “BP @1

where P is the momentum of the particle

DSAM j
DS )

y y
P :[mU +Uy,

. : : dx* . : : :
R_f gcp 18 the Riemannian curvature, U 4= W is the unit tangent vector, S is a parameter varying along

the curve and S°? is the spin tensor. For a spinning object with precession (Gyroscopic motion) can be de-
scribed using the following equation

DS

=pMyN - pNyM 4.2)

If P*=mU* then equation (4.1) and (4.2) become, the Papapetrou equation for short!

A
DDUS = ﬁRfB”CDSCDUB 4.3)
and
MN
DIS)S =0, 4.4)
provided that [18]
s =5(uMyN —yNgM), (4.5)

where, S spin magnitude, U is four vector velocity and ¥ is a geodesic deviation vector. Equation (4.3)
can be obtained from geodesic equations [8].

4
DU~ _, (4.6)
DWW
and the geodesic deviation equations
DMy
7= R%,, U U"¥*. 4.7)

If we apply the following transformation of paths for different parameters [15]

4 4 4
ax— _dX +ﬂD‘P , 4.8)
as dw Dw

where f— and by operating covariant derivative with respect to the parameter S on both sides, we get
m

put pu“ D>y

4.9
DS  DW DW? (49

Using geodesic equations (4.6) and geodesic deviation equations (4.7) as well Equation (4.3) one
can obtain Equation (4.1), while if one consider Frenkel condition

S,wU M =0

to be covariant differentiated on both sides and after some manipulations, one can get Equation (4.4).
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Thus, due to the extension of spin tensor from pole-dipole moments to multi-pole moments for ex-
tended objects, this may lead to examining its corresponding propagation equation [18]. Such an equation
may be obtained by introducing the spin tensor density S%” as a third order skew-symmetric tensor is via-
ble to describe extended objects, in Clifford spaces by defining Spin density poly-tensor $*2¢ as a third
order skew-symmetric poly- tensor. These equations play a vital role in revisiting astrophysics and early
cosmology to become a good candidate for describing a spinning fluid and also for describing the status
of the accretion disc orbiting a compact gravitational field as in AGN [19]. Also, it contributes to under-
standing the problem of motion quark-gluon heavy ion collisions in the early universe [20].

In our present work we are going to extended what has been derived from equations of spinning
density tensor and spin deviation density in GR [10] into their counterparts’ equations expressed in a
Clifford space. Moreover, due to the interrelation between the spinning density tensor and thermodynam-
ics variables [12], we may obtain its corresponding relation in a Clifford space to become.

1

Tdﬁ:dE+pd(
Yo

1
j—EQﬂvdSM , (4.10)
where T is the temperature, § is the entropy, E is energy density, Quy is the spin angular velocity and S
spin density. Thus, in self consistent theories described the entropy becomes conserved i.e. such that

ds

Thus, the first law of thermodynamics becomes

dE. dp' 1 ds"™

—+p——=0Q,,———=0. 4.12

as Tas 2 M gs (4.12)

Meanwhile, it is worth to clarify that thermodynamics transports coefficients such as viscosity which
is connected with identifying the nature of the spin tensor [21]. It is well known that spinning fluids are
dominating properties of nature, may be found to describe the problem of motion of particles in an accre-
tion disc as a Gyrodynamics fluid. This is the counterpart of the Papapetrou equation [22]. Owing to spin
density tensor, an interaction between spinning motion and thermodynamics variables may be found in
equation (4.12) [23].

Thus, it is well known that S*5€ is a third order tensor, viable to define extended objects. Neverthe-
less, from a progenitor case, the spin density tensor is bounded to be a skew symmetric in the last two in-
dices, it comes to arise for expressing a spinning fluid element as a confided case of an extended object.
From this perspective, the notation of importing the expression propagating equation for spin density [18]
the modified becomes crystal clear to express spin fluids [12]. Yet, one may find out that the Weyssen-
hoff tensor [20] is most eligible candidate to express a spin fluid element i.e.

SRMN _ gMNTR. (4.13)
Thus, differentiating both sides of (4.13) by the covariant derivative to get
D™ _ ps* UR . DU* gy

DS DS DS

Now, one uses the following Lagrangian [13]

1. (4.11)

(4.14)

v DV DYMN
Tt Sy —. 4.15
Ds oMy g (4.15)

By taking the variation with respect to the deviation vector ¥ one gets (4.6),

L=gywU

DUR
DO

0.
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Also, taking the variation with respect to the spinning deviation tensor ¥’ to get (4.4)

RD
DZS —0. (4.16)

Consequently, substituting from (4.6) and (4.16) into (4.14), one obtain

DSRDS

=0, 4.17
DS (4.17)

which indicates equation of spin density tensor. Accordingly, we may obtain equations analogously
by means of its corresponding Bazanski Lagrangian stemmed from its original formalism [7] and its mod-
ification in GR to become

DTAMN
=S o, (4.18)

such that by taking the variation with respect to ¥*P~,

DSRPL
DS

0. (4.19)

If we apply the commutation relation in such that

(U -G Jute?” =T U e, (4.20)
and
SHVwP =wGNUP. (4.21)

Then we obtain its corresponding spin density deviation tensor equation

2\ySDL
%#ﬂ%”mw‘?g- 422)
A)

IV.1. Spinning Density Tensor and Spinning Density Deviation Tensor Equations:
Papapetrou-Like Equations

In this section, we are going to examine a massive density spin tensor able to describe an orbiting extend-
ed object for a compact object. Accordingly, the Weyssenhoff spin vector may be amended to be ex-
pressed as follows:

SCMN _ gMN pC (4.23)

where PC is the momentum in which it is relating to S“" in the following sense
cD

Feun _ g (mUC +u, 28 ) (4.24)
ie.

SN = g (U + U, (PCUP - PPUC)). (4.25)

Differentiating both sides by covariant derivative for (4.23) to get

SCMN MN C
DS™ _DS™ pe PP gun (4.26)

DS DS DS
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We suggest the equivalent Bazanski Lagrangian to be:

gy CMN
2t S PO, (4.27)

L= ECMN

Thus, by taking the variation with respect to its corresponding deviation tensor ¥V | we get

D§ CMN f CMN

_ fOmN 428
DS (4.28)

in which

b

pom _ DZA;N P, ZZ: G
becomes
fCMN _ (PMUN _pNyM )PC " %RNCASBSASBSMN,

where

fM = %R%CDSNCDa

is regarded as a spin force, and

MMN _ pM{ N _ pNyiM

Consequently, its corresponding spin density deviation tensor equation can be obtained by applying
in a similar way the commutation relations as given in (4.21) and (4.22) the corresponding spinning den-
sity deviation equation:

2qyCMN S
i€l
% = SENIRN B | N D (4.29)
IV.II. Spinning and Spinning Deviation Equations of C-space

We suggest the equivalent Bazanski Lagrangian for deriving the equations for spinning and spinning
poly-vectors to be

B AB
such that
AB
PAszA+UﬂDS
DS

. 1 . . o .
where P* is the momentum poly-vector F* = 5 ’; 55'05U ",Rgpa is the covariant derivative with respect

o

to a parameter S, S is the spin poly-tensor, and M*" = P“U" — P'U* such that U* = d; is the unit
A)

tangent poly-vector to the geodesic one. In a similar way as performed in (4.26), by taking the variation

with respect to ¥#and W*" simultaneously one obtains

M
DE _pu, 431)
DS
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MN
DSy, (4.32)
DS

Using the following identity on both equations (4.31) and (4.32)

ARy — AD = Ry A%, (4.33)

such that A" is an arbitrary poly-vector. Multiplying both sides with arbitrary poly-vectors, U7 ¥? as
well as using the following condition

Uy =vq,u", (4.34)
and W is its deviation poly-vector associated to the unit poly-vector tangent U. Also in a similar way:
Sy =wiiu”, (4.35)

one obtains the corresponding deviation equations which are inspired from the workings of Mohseni [22]

D>y 54  pBrrHC Ay H
D—SZZRBHCP U (D +P:H\IJ 5 (436)
and
D>y1B (4]
5 = SE)?C}R Uty 4 M;fLIB‘I’H. (4.37)

IV.III. The Generalized Dixon Equation in C-space

As a byproduct, we suggest the following Lagrangian which enables us to obtain the spinning charged
poly-vector in a Clifford space.
L D¥Y? Po) el

L=GupP" = =+ S~ +WAUE + M 8, (4.38)

such that

E :i[ Fyp +1RABCDSCD)
m 2

and
Y B U C ~C
M5 =(PU® - PUY + F, oSS, — FieS76).

Taking the variation with respect to W# and W*" simultaneously we obtain

ppY € -MyB [N EQy N

= - FMyB 4+ —_RY SEUV, 4.39

DS M % oM VEO (4.39)
MN

DS =pMyN —pNgM 4 pMCg-N _ pCNgM 4.40
DS C ~C

Thus, applying the same laws of commutation as illustrated in (4.39) and (4.40) we obtain their cor-
responding deviation equation

D*y4

5T R PPUT € + (ﬁFéM U®+ %R%EQSEQUNJ gyl (4.41)
m

JH
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and
D2\PAB
DS?

{4]
= SE)B}?C}R 4 Uiy | (PMUN _pNyM +1,,1\/105.51\1 _FCNS{/[C )'H yH (4.42)

V. Spinning Density Tensor and Spinning Density Deviation Tensor Equations:
A Variable Mass

If we consider a massive spin density tensor whose mass is not constant but function of the parameter (S)
in which its corresponding Weyssenhoff tensor becomes as follows

SMN = m(S)UCSMN. (5.1)

Differentiating both sides we obtain:

SCMN C
DS _ D(m(s)U )SMN+m(S)UC
DS DS

Thus, we can suggest a Lagrangian obtained for spinning variable mass object

MN
s (5.2)

N ABC
L=m(8)G,yU* D;; D

+(m(S)D +%RDSABCJ‘PD +S +m(8)pPP. (5.3)

Thus, by taking the variation with respect to ¥° to get

DU m(S)p (6" —uPUC)+ 1

Eaatd] —— __RP, 5B, 5.4
DS m(S) 2m(s) "B (54)

And by taking the variation with respect to ¥#° to obtain

DSCMN
Ds

=0. (5.5)

Furthermore, the spinning density tensor with a variable mass may be expressed in the following way:

5" Gy )+t RfLABSLABjSMN. (5.6)

m(S) 2m(S)

Accordingly, its corresponding Bazanski Lagrangian may be expressed as

(5.7)

m(Sw (we _,w,,c 1
iy (VU

where 1MV :[ RES"1B jSMN . By taking the variation with respect to

P4BC e obtain

<ABC
DS (5.8)

2

ABC
Ds !

As we follow the same procedure as given in equation (5.6) we obtain the deviation spinning density
equation to become by taking the variation with respect to W5 we obtain

DZ\{,ABC

, (4]
P (£#5),, WP + BRIy g, (5.9)
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This equation may be applied in studying the stability of a variable spinning disk which may work to
explain the effect of mass excess in a region orbiting a compact object. Such an illustration may give rise
to examine the effect of dark matter in the accretion disk of a compact object.

VI. Spinning Density Tensor and Spinning Density Deviation
Tensor Equations: A Spinning Fluid

In this section, we are going to suggest that the relation between a variable mass and a spinning fluid
in the following way,

—~ {CMN} (1 o{MN}

s =(prp)HUTS™, 6.1)

where, m(S)=(p+p)(S).
Accordingly, if the pressure is turning to be only parameter of S, while the density is becoming con-
stant. Owing to this suggestion the spin fluid behaves like a spinning variable mass, such that:
dm(S) _dp(S) ' (6.2)
dx? dx?’

Such an equivalence may give rise to suggest the following Lagrangian,

AB

+P-¥¢ (6.3)

DY 1 D
L=(p+p)(s)GyuU* o5 [pc +ERCMNDSNDUMJ‘PC +8 5

Such that, by taking the variation with respect to ¥ to get

pU” _ pc (GPC _yPyc)y !

—— RR 1B 6.4
DS (p+p) 2(p+p) cAB (6.4)

\PMN

Also, by taking the variation with respect to to obtain

DSMN
DS

Consequently, the equation of a spinning fluid can be expressed in the following way:

SCMN
DS =[ Po_ (G _y"y©)y—L RfWABSWABjSMN (6.6)
Ds  ((p+p) 2(p+p)

Accordingly, its corresponding Bazanski Lagrangian may be expressed as

=0 (6.5)

D_ CMN

L=8MN \Z—S + [ P (6.7)

= Pw (~WC Wy, C 1
where, froyn = B (g —u"Uc)+
cm (p+p 2(p+p)

to Y*2¢ we obtain

RS, zS"E JSMN . By taking the variation with respect

GABC

() 22— = e (68)
Ds

By taking the variation with respect to W“4#¢ we obtain

pAyA4BC o

T (75€),, ¥P + sXom Ut (6.9)
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VI.I Modified Forms of Spin Density in a Clifford Space
In this part, we suggest a modified form of spin density tensor in Riemannian geometry to be;

(a) P =mU*
GABC :%( §BCUA 4 §CAYE 4 §4BLC). (6.10)

Differentiating both sides using covariant derivative,

DSAB¢ _l(DSBC A, gBe DUA . sBA g DU® . DS [/C 4 g4B DUC)'

= Uu”+ U’ + (6.11)
Ds 31\ Ds Ds Ds Ds Ds Ds
y AB
1. For bu =0 and DS =0 and substituting in (6.11), we obtain
Ds Ds
ABC
DST™ _ 0. (6.12)
Ds
4 AB
II. For DU” _ LRNABCDSCDUA and DS _ 0, (6.11) can be rewritten as
Ds  2m
ABC
DS =l(iRj‘EFGSEGUESBC +LR§EFGSFGUESCA +LR§EFGSFGUESEFJ, (6.13)
Ds 31\ 2m 2m 2m
ie.
DSEC 1(1
=% _(R~AEFGSBC + RppgS®C + R EFGSAB)SEFG (6.14)
Ds 3102
to become
DSYC 1 (ha e oG
=—ARzpcS”)S™, 6.15
=5 (RireS™) (6.15)
(b) PL=mU"
SA4BC _ %(SBCPA + SBCpB 4 §4BpC), (6.16)
Differentiating both sides using covariant derivative,
GABC BC 4 CA B AB c
DS [DS ,gpc Pt DSy DPP DSY o 45 DP j 6.17)
DS 3' Ds Ds Ds DS Ds DS
4 4B
However, if bP__ lRleCES “(U*® and DS PAU® — PPU* then, we obtain
DS 2 Ds
GABC
b5 1‘[(PBUC PCUB) P+ LRA SEFGSEC L (pCut — pAy©) PP 4
DS 3 2 (6.18)
+%R§ G SEFGSCA L (pAyB _ pByA) pe +%RE’EFGSEFGSABJ’
in which can be
D§ABC 1
D — SEFH(SABRC, o + SPCR iy + SRy ). (6.19)

To get their corresponding deviation equation as similar as equation (6.9).
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VII. The Stability Problem of Spinning Density Using Spinning Deviation Poly-Vector

It is well known that deviation vectors may work to express the stability of celestial objects. The role of em-
ploying the deviation vector is related to find out some scales independent of coordinate system. This tech-
nique has been propsed by Wanas and Bakry [24], and used in examining the stability of spinning object or-
biting SgrA* by Kabhil (2015) [10] and to be extended to spinning tensor deviation as shown by Kahil
(2019) [25]. In this section, we are going to suggest the role of deviation poly-vector tensor as expressed in
Clifford space to act similarly as in the case of the Riemannian geometry. This can be due to the following
assumptions based on the deviation poly-vector. The following equations are the modified ones.

D>
oy R}, U U,
to become
D>y
DSZ :HAD ‘PD’ (71)

i.e.
H' =R, ,UUC.

Also, for Spin deviation poly-tensor

2 A
DD_Sz‘PAB = SEEER Py T (7.2)
where,

T AB ~BEVRMI R
HpB = sUEERTy

Thus, in case of spin density poly-tensor which is related to its corresponding stability tensor in the
following way

2 »
D e _ gEperintlg oy (7.3)
DS '
to be expressed as
D22 @ ABC _ ;{EﬁTD ,
DS
where,

74 _ o~BERM L F

Hp = S.[~EF1% u-.

We figure out that the right hand side in equation (7.1) containing the deviation poly vector. This
means that identifying the deviation of the poly vector will give rise to examine the stability of spinning
tensors and spinning fluids as well as the generalized spinning density tensor. These equations are going

to be examining stability of celestial objects wether are belonging to weak gravitational fields as in solar
system or very strong gravitational fields as recognized in AGN that will be in our future work.

VIII. Conclusion

To sum up, the problem of motion in C-space becomes a paradigm shift towards identifying the behavior
of objects in a deterministic way that can be detected with the help of internal coordinates as well as their
counterpart external coordinates. Such a tendency may inspire many scientists to reach to a unified theory
able to explain both micro-physics and macro-physics in a deterministic way.
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Equations of motion for spinning objects as described in Clifford space give rise to extending to a
spinning density object subject to different fields besides the gravitation field. The use of imposing
Clifford Space is to regard the internal coordinates that is associated with every poly-vector coordinate to
express the effect of various fields than gravity that have a gauge property.

The problem of stability using the Spinning Deviation Tensors of Clifford space may give rise its re-
lationship with the deviation poly-vector of space-time.

In the present work, we focused on spinning fluid tensor and its deviation one as a special case of
applying spinning density tensor. In principle, a spinning fluid tensor is a special case of the spin density
tensor with a skew-symmetry in the last two indices as expressed by Weyssenhoff tensor.

The spinning density tensor may play to express generalized case of spinning matter viable to ex-
press plasma physics nd heavy ion collision [26]. In this perspective the 3rd rank skew symmetric poly-
tensor turns to be specified to become $*5¢ a pure skew symmetric polytensor as defined in (6.10) an ap-
proach to relate the spin density tensor a generalization of Weyssenhoff tensor.

Finally, it can be regarded that Clifford spaces may contain a specific version of Clifford Space of
Gravity capable of embodying bi-gravity, and nonsymmetric gravitational field theories for examining the
behavior of matter in strong gravitational fields, that will be obtained in our future work!!
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AHHOTauus

MocraHoBKa npo6nembl. CunTaetcsi, YTo KIMGPEPOPAOBO MPOCTPAHCTBO MOXKET YCMELWHO 6biTb MPUMEHEHO Ans obbearHeHWs!
(PM3MKM MUKPO- 1 MaKpPOMMPOB. Takasi TeHAEHLMS! MOXET HabnioaaTbCst NpU 3aMeHe BEKTOPOB MonmBekTopaMu. COOTBETCTBEHHO,
YTOBbI ONKCaTh ABKKEHWE MPY MEepexoae OT MPOGHBIX YaCTULL K NPOTSHKEHHDBIM, HeMb3si 060MTUCHL 6e3 peLleHUsl ypaBHEHUI 3ahaum
0 [BWXEHWW. [JaHHble YpaBHEHWSI BbIBOASITCS C WUCMOMb30BaHWMEM 3KBUBANIEHTHOMO NarpatkuaHa basaHcku B kmddopaoBoM
npoctpaHcTse. OTcoga BO3MOXHO MONYYnTb 0606LLEHHBIE YPABHEHWS A/1S1 TEH30POB MIOTHOCTW BpaLLEHUs 1 TEH30POB OTKIIOHEHUS
MOTHOCTU BpaLLeHWs. TEeH30pbl OTK/IOHEHUSI MIOTHOCTV BpalleHus B knddOpAOBOM NPOCTPaHCTBE MOryT 06ecnequnTb
MOBbILLEHWE NPOM3BOAMTENIBHOCTY PacHETOB NP U3y4YeHUU BOMPOCOB YCTOMUMBOCTM TEH30POB MIOTHOCTU BPaLLEHHNS], BbIPaXKEHHbIX
rocpesCTBOM BEKTOPOB, OMpeAeneHHbIX Ha NoA0BHOM Kiacce pUMaHOBOW FreoMeTpuMn.

Llensb. Moka3zaTb, YTO KIMGOPAOBO NMPOCTPAHCTBO MOXET ObiTb YCMEWHO NPUMEHEHO AN 0bbeanHeHUs PU3NKU MUKPO- U
MaKpOMUPOB.

Pe3ynbTaTtbl. YpPaBHEHUS] ABMXKEHUSI MOXHO BbIBECTW, UCMOMb3Ysi SKBUBANEHTHbIW NlaHrparxuaH basaHcky B knndopaoBoM
npocTpaHcTBe. B pesynbTate nonyyMM 0606LeHHble YpaBHEHUS AN TEH30POB MIOTHOCTU BpalUeHWUs U TEH30POB OTKIIOHE-
HUSI MNOTHOCTM BpaLleHus.

MpakTuueckass 3HAaUMMOCTb. TeH30pbl OTK/IOHEHMSI MIOTHOCTM BpaleHsl B KNMGOPAOBOM MPOBTPAHCTBE MOryT
obecreynTb MOBbILIEHWE MPOM3BOAUTENBHOCTU PACcYeTOB MPW U3YYEHMWM BOMPOCOB YCTOWYMBOCTM TEH3OPOB MNIOTHOCTU
BpaLLEeHus, BblpaXKEHHbIX MOCEPACTBOM BEKTOPOB, ONpeAesieHHbIX Ha Nof06HOM Knacce pYMaHOBOW reoMeTpun.
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