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Abstract
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where optimal control leads directly to the optimal solutions. Results show that optimal control is more powerful than classical
variational calculus. The second class includes innovative applications where problems in General Relativity may be ap-
proached by introducing appropriate objective functions. Three examples of this class are reviewed, where an optimal infla-
tionary universe, an optimal cosmological model and an optimal stellar model are, respectively, constructed. Results show
that optimal control adds physical significance to solutions of such problems.
Keywords
General relativity, stellar models, cosmological models, optimal contro/

For citation

Haggag S., Ramadan M. Applications of optimal control to general relativity. Nonlinear World. 2024. V. 22. N2 3. P. 35-48.
DOI: https://doi.org/10.18127/ j20700970-202403-05

A brief version in Russian is given at the end of the article

I. Introduction

General Relativity (GR) is Einstein’s theory of gravitation. In GR, the interaction between the mass-
energy distribution and the spacetime geometry is described by Einstein’s field equations. The theory of
optimal control deals with optimal control problems, which require control functions to be optimal with
respect to given criteria. The theory has many interesting applications in various fields of engineering,
economics, management, and biology. However, quite a few applications have been made to problems in
GR. These applications may be classified into two classes. The first class includes direct applications
where each problem has beforehand a specific objective function. The second class includes innovative
applications where problems in relativistic astrophysics and cosmology may be approached by introduc-
ing appropriate objective functions.

In this paper we present a review of two direct applications. Results show that optimal control is
more powerful than classical variational calculus. Then, we present a review of three innovative applica-
tions. Results show that optimal control adds physical significance to solutions of some problems in GR.

The paper is organized as follows. Section II gives a brief outline of optimal control problems. Section I1I
gives a brief outline of relativistic stellar and cosmological models. In section IV, two direct applications of op-
timal control to problems in GR are reviewed. Section V introduces innovative applications and gives a review
of three applications, where an optimal inflationary universe, an optimal cosmological model and an optimal
stellar model are, respectively, constructed. In the concluding section VI, extension to other problems is sug-
gested, and difficulties in the formulation of optimal control problems in GR are indicated.

I1. Optimal control problems

An optimal control system is defined in terms of an n-dimensional state vector x(¢) and an m-
dimensional control vector u(¢). An optimal control problem [1-3] is to determine the control vector
function # which maximizes the objective function
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J=IL(x,u,t)dt+F(xl,tl), (1)

fo

where the system evolution equation is

x:f(x’uat)a (2)
subject to the constraints
x(t()):xo s l//(xl,tl)ZO, ueQ. (3)

The functions L and F are scalars. The terminal constraint function y is an s-dimensional vector.
The set Q is the set of admissible controls. The initial time ¢, is given explicitly but the terminal time ¢,
may be unspecified.

The Hamiltonian for this problem is

H(x,u,A,t)=L(x,u,t)+ <A, f(x,u,t)> 4)

where 1 denotes an n-dimensional vector of costate functions.
According to Pontryagin’s maximum principle, the following necessary conditions hold along an op-
timal trajectory.

u=argmin H(x,u, 1,t), ®)
A=—H (%,u,A,1), (6)
A) = Fy+<y, v, (7)
H{t)=-F, — <y, .v>, (®)

where a comma denotes a partial derivative, X and # denote the candidate state and control vectors
respectively, and v is an s-dimensional vector of constant Lagrange multipliers associated with i .

The terminal conditions (7) and (8) result from the transversality condition

[(F:xl —A)) ox +(H (1) + F:fl )5t]l//(x1,t1) =0. ©)

If some initial parameters are not specified similar conditions may be obtained at the initial time ¢, .
The optimal control problem in the above form is referred to as a problem of Bolza. If F(x;,1,)=0
then the problem is a problem of Lagrange, while if L(x,u,t) =0 then it is a problem of Mayer. The three

problems are equivalent: each of them can be converted to the other by suitably defining the state func-
tions.

I1I. Stellar and cosmological models

One of the main applications of GR is the construction of stellar models [4]. The simplest such mod-
el is an isolated static perfect fluid sphere, of coordinate radius R and total mass M. The vacuum outside
the sphere has the Schwarzschild metric

1
ds? :(1—2—M)d12 —(1—2—M) ar? —r? (d¢92 +sin? Hd(oz), r>R. (10)
r r

In the interior of the sphere, the spacetime is described by the static spherically symmetric metric

-1
ds® =% di® —(1—2—”“) dr? -1 (d6* +sin®0dg?), r<R, (11)

r
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where vand m are functions of the radial coordinate . The energy-momentum tensor for a perfect fluid
is given by

where p and p are, respectively, the fluid density and pressure, and U“ is the four-velocity of the fluid.
The field equations reduce to

m' =47xr’u, (13)
. (u+p)(m+azrp)

p= r(r—2m) ’ (14
. 2p

" ) (>

where a prime denotes differentiation with respect to » .

Another important application of GR is the construction of cosmological models. The simplest such
model is a homogeneous and isotropic spacetime, filled with perfect fluid, with the Friedmann-Robertson-
Walker (FRW) metric [4]

dr?
1—ki?

ds? = dt* - az(t){ +12(d6? +sin” 0d g’ )}, (16)
where « is a function of the cosmic time ¢, and k=-1,0,+1 corresponds to open, flat and closed uni-
verse respectively. The function a(¢) is the scale factor.

Using equation (12), Einstein’s field equations, with a cosmological constant A, may be reduced to

) 3k
3H” +— =8mu+A, (17)
a
. , Kk
2H +3H +a—2:—87zp+A, (18)
where a dot denotes differentiation with respect to #, and H is the Hubble parameter

o (19)
a

IV. Direct applications

Some problems in GR seek the maximum (minimum) of a functional. If the problem lies within the calcu-
lus of variations, the solution may be obtained by solving the Euler-Lagrange equations. If the problem
has additional variables involved other than the state variables, the solution may be obtained by direct ap-
plication of optimal control. However, in dealing with such more general problems, researchers tend to
use classical variational calculus. We review two direct applications of optimal control to problems in rel-
ativistic stellar models.

1V.1. The maximum mass of a neutron star

The first problem that has been solved by direct application of optimal control was the calculation of the
maximum mass of a neutron star [5], which depends on the equation of state (EOS). However, EOS can
be predicted only at certain density ranges. For neutron matter with higher densities, EOS cannot be pre-
dicted. By imposing only some physical constraints at higher densities, [6] suggested that the mass of a
stable neutron star becomes maximum for the stiffest possible EOS.
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By using optimal control, [5] successfully proved this suggestion; namely that, in the regions where
it is uncertain, EOS that gives the maximum mass is p=x.

With a few simplifications, their work can be summarized as follows. Consider a neutron star with
field equations (13-15) for a static perfect fluid sphere. Let the star be composed of two regions:
(a) Region A: an inner core with higher densities, where

0<r<rny, M. Z2UZMy, P.ZPZPD,. (20)

(b) Region B: an outer envelope with given EOS p = p(u), where

WEr<R, py2puzpp, pyz2p=0. (21)

The mass contained in B depends not only on the given EOS, but also on the values at the bounda-
ryr=r,, and hence it is denoted M (,7%,,m,) . For the dynamical system, take u as the independent
variable, the functions p,r,m as state functions, and u = p as the control function. Then, the optimal con-
trol problem is formulated as follows. Determine the control function u(x) which maximizes the objec-
tive function

Hy
M:I4ﬂr2fdy+M0(u0,r0,m0), (22)

He

subject to the system equations and constraints

p=u, plH)=pc, (23)
. r(r—m)u

=— , ) =0, 24

T () (mranrp) ) i

47z,ur3(r—m)u

=— , .)=0, 25

(p+,u)(m+47rr3p) i) @)

0<u<l, (26)

where a dot denotes differentiation with respect to .
Application of Pontryagin’s maximum principle leads to the optimal controlu = p=1= p = with

possibly a switch to u = p=0= p = p,. Further calculations result in a maximum mass of about 3.2M g

for 1, =4.6x10" gem™ . Details are given in [5].

1V.2. The equation of hydrostatic equilibrium
The first law of thermodynamics relates the number density of baryons n to ¢ and p by the equa-
tion
dn n

an _ _ _ (27)
du  p+u

The following theorem has been proved [7, §].
Theorem 1. Among all momentarily static and spherically symmetric configurations of cold, cata-
lyzed matter which contain a specific number of baryons inside a sphere of radius R,

R
N= J.47rr2 (I_Z_m) ? n(r)dr,
r
0
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that configuration which extremizes the mass as sensed from outside,
R
M = .[4”7”2 u(rydr,
0

satisfies equation (14), the Tolman-Oppenheimer-Volkoff (TOV) equation of hydrostatic equilibrium

3
p,:_(p+ﬂ)(m+4ﬂr r) (28)

r(r—m)

Proofs to the theorem have been given in [7, 8], using classical variational calculus, with each of
them filling about two pages. Rather than using classical variational calculus, [9] gives a proof using op-
timal control. The problem is formulated as an optimal control problem as follows. Determine the control
function n(r) which extremizes the objective function

R
M =m(R)= J.47rr2 u(n)dr, (29)
0

where the system equations and constraints are

m' =4zr’u(n), m(0)=0, (30)
L
z’:472'r2(1—2—mj *n, 2(0)=0, z(R)=N. 31)
r
Application of Pontryagin’s maximum principle led directly to the TOV equation, in a way that is
simpler and more elegant than the classical variational calculus. Details are given in [9].

V. Innovative applications

Einstein’s interior field equations are potential candidates for optimal control application. It is well known
that the interior field equations are under-determined, in the sense that the number of equations is less
than the number of variables. To obtain an interior solution, an additional equation has to be introduced.
For example, an equation of state is to be specified, or a relation between some variables is assumed so
that the problem is simplified. An alternative approach is to formulate the problem as an optimal control
model. In such a model, state functions are governed by differential equations that include some unknown
control functions. The problem is initially under-determined. But the model also incorporates a function-
al, of the state and control functions, that is required to be optimal. Then, the conditions of optimality de-
termine the control functions and the problem becomes determined. This approach could lead to new
physical interpretation and deeper understanding of the construction of interior field equations and their
solutions. Such applications of optimal control to GR may be coined innovative applications. We review
three innovative applications, where an optimal inflationary universe, an optimal cosmological model and
an optimal stellar model are, respectively, constructed.

V.1. A slow-roll inflationary universe

Inflationary models are based on the effective theory of a self-acting scalar field ¢ with self-action
potential V' (@), which interacts minimally with the gravitational field [10]. For such models, with the
FRW metric, the field equations, with A term, reduce to

H +3H? +%:8;;V+A, (32)
a
3(H+H?)=87(¢% —V) - A, (33)

Nonlinear World / Nelinejnyj mir, V. 22, N2 3, 2024 39



Applications of optimal control to general relativity (35—48 p.)

"+3H'+—dV:0. 34
® ¢
do

Any one of equations (32)—(34) may be derived from the other two. Thus, we have a system of two
independent equations in three unknowns a, ¢ and V.

In order to obtain a solution, an additional assumption is needed. For example [11] and [12] assumed
forms of V' =V (p), [13] assumed forms of a =a(¢), and [14] assumed forms of ¢ =¢(¢).

Rather than using an arbitrary assumption, Zhuravlev et al [15] suggested to construct a model of
slow-roll inflationary universe with minimum change of the scalar field.
A slow-roll regime requires a slow change in the field ¢. Thus, the evolution of the universe must

be such that on any finite time interval [#,z,] would be the smallest among all other possible evolutions.
By adding equations (32) and (33), one obtains

and then

t 1 ty k
A(/):J'godt - /Ej /a—z—Hdt. (36)
h |

Zhuravlev et al [15] obtained a solution using calculus of variations. Haggag et al [16] obtained a so-
lution using optimal control as follows. Taking a and H as the state functions, and u = H as the control
function the optimal control problem is then formulated as follows.

Determine the control function ¥ which minimizes the objective function

t k
s=f e a7
a
f

subject to
a=aH, a(t)=a =const, (38)
H=u, H(#)) = H, = const. (39)

It should be noted that, given a solution a, H, uof the above problem, the scalar field ¢ is deter-
mined by integration of equation (35), and the potential V' is determined as an output of the system by

87zV:¥+3H2 +u—A, (40)
a

Application of Pontryagin’s maximum principle leads to
2a* (k - a?u)ii +3a%i® +12ka®a®u + 4k>adi + 4ka® (3ai — uii) + 8k + 8ka*u® —16k*a’u = 0. (41)

For a flat universe, k£ =0, the optimal solution is given by

-1
f=—-—s.,
" (a0t+b0)2
1 1
o= % (apt +by)

ay , b, constants, (42)

+¢y, (43)
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1
a(t)=a, (aot +b, )% v, (44)

where

1
co=H; - [ao (agty +by )]_1 , ay=ay(agh +by) i €.

Then one obtains

o) = ,/Liln(a0t+b0)+(p0, @, = const. (45)
4r a,

Finally, equations (42) and (40) give the potential

o a3 ). 5w ] o
0 2| 2
87 (aot+by) \ 40 ay \ aot +by

The potential V', as a function of ¢, is then given by

V(p)=| -Av3c o[ 2 1]e e, O aEEem | )
87 a; ay

This solution with different constants, has been obtained in [15] using calculus of variations.

V.2. A closed universe with maximum life-time

Many cosmological models consider Einstein’s field equations with a varying cosmological constant
and a linear equation of state

p=au, a=const, 0<a<l. (48)

Then, equations (17) and (18) give
2H +6HH(1+a) —2—I§H(1 +3a)=A(+a). (49)
a

Such models have two equations (19) and (49) in three unknowns a(¢), H(¢)and A(¢). In order to

obtain solutions, authors assumed various forms of A, for example [17-25]. Rather than using an arbi-
trary form of A, optimal control has successfully been used [26] to construct a model where A is deter-
mined by the requirement of optimality.

For a closed universe, (k=+1), the scale factor a increases from initial size until ¢ =0 then con-
tracts. A closed universe has a finite life-time. It is interesting to design a closed universe with maximum
life-time. Equations (19) and (49), with k£ =+1, take the form

a=aH, (50)
A

- H+6HH—3(1+3‘)‘)H, (51)
(I+a) a\l+a

which is a system of two equations in three unknowns a(¢), H(¢) and A(¢). Using equations (18),
(19) and (48) one obtains

A:L[zmmzumnimsm} 2)
l+a a*
1T, 3
p=1132 3 A, poan &)
8 a®
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For the dynamical system (50) and (51), the functions a, H, w= H, A are taken as state functions,
and u =W as the control function.

Further, boundary conditions need to be specified. In order to avoid the Big Bang singularity, the
initial time, ¢ =¢, =0, is taken shortly after the Big Bang moment, when the size of the universe becomes

little greater than zero, namely a(0)=q,>0. Assuming H(0)=0, an expanding universe requires
H(0)= 4> 0. On the other hand, the terminal time ¢ =1 =T is taken when expansion stops, and the size
of the universe reaches its maximum, namely H(7)=0 and H(T)<0.

Then, the optimal control problem is to determine the control function u(¢f) which maximizes the

objective function

T
J= jdt, (54)
0
subject to
a=aH, a(0)=aqa,, (55)
H=w, H@O)=H()=0, (56)
w=u, w(0)=4>0, (57)
. 2 (143 2
A=6Hw—— H+ u, A0)=A,, 58
a2(1+aj (1+a) 0)="4 8
lul<1. (59)
Application of Pontryagin’s maximum principle leads to the optimal solution
H=—%t2+At, (61)
a(t) = ay exp {%lﬂ (¢ —3A)}. (62)

The maximum life-time is
2T =4A. (63)

The maximum value of the scale factor is

2 3
Ao =a(T) = ayexp EA . (64)
This universe expands to the above maximum size at ¢t =7 , and then contracts to

a, =a(2T) = a, exp[—gAﬂ. (65)

V.3. A stellar model with minimum rest mass

The simplest stellar models are described by equations (10)—(15). Such models have three field
equations (13)—(15) in four unknowns v, m, i and p. To obtain a solution, an additional ansatz needs to be
prescribed. Haggag [27] has successfully used optimal control to construct stellar models with minimum
rest mass in three cases.

Case 1. Configurations with piece-wise continuous density

Taking m(r) as the state function and u(r) as the control function, the optimal control problem is
formulated as follows. Determine the control # which minimizes the objective function
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1

R L

M, :I4zz,ur2 (1_2_mj ? dr,
r

0

subject to the system equation and constraints

m' =4xriu, m0)=0, m(R)=M,

1 >0 piece — wise continuous on [0, R].

The Hamiltonian takes the form

1
H=47wr2[(1—27m) ? +ﬂm],

Where 4, is the costate function associated with m, and should satisfy the adjoint equation

3
A = —4zz,ur(1 _Z_mj ? ,

r

Noting that H is linear in x a singular control [18] satisfying H, 1 = 0 on an interval in [0, R] is found
as a Dirac delta function m = o6 (r — R), with 4ngR* = M. Thus, the optimal solution is the spherical shell.

Since M is constant, the binding energy, Mo — M, is minimum. Bizon et al [28] obtained the same re-
sult. However, in their work they started with that result as a conjecture, then used some clever, non-
systematic, steps to show that the binding energy of a spherical shell is less than that of other configura-
tions. The proof in [27] uses no prior conjecture. It uses systematic steps of optimal control to, more ele-
gantly, derive the result.

Case 2. Configurations with piece-wise continuous density gradient

Taking m(r) and u(r) as the state functions, and x := ¢'(r) as the control function, the optimal control
problem is formulated as follows. Determine the control x which minimizes M, subject to the system
equations and constraints

m' =4zr’u, m0)=0, mR)=M,

H=x

x<0 piece — wise continuous on [0, R].
The Hamiltonian takes the form

1
H = 4mur? {(1—2_”1} ? +ﬂm}+xﬂﬂ,

r

where 4, is the second costate function associated with x, and should satisfy the adjoint equation

1
' 2 2m _E _ _
Al =—dzr [(1—— # 2 | 2, (00=0, 2,(R)=0.

,
The boundary conditions on 4, are implied by the transversality conditions when y is not specified at
either ends.
Noting that H is linear in # a non-singular control is found where 4,, the coefficient of x, is not iden-
tically zero. Then, when 4, is negative, H will be minimum when x takes its greatest value 0. An exact ex-
pression for /4, is found, showing that it is indeed negative on (0, R). The optimal solution is

m =47wor3 13, w=u =3M / Az R>.
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Thus, if 4 has a piece-wise continuous gradient on [0, R], the optimal solution is the interior
Schwarzschild solution. The solution is not, of course, new. However, it has now been obtained using a
completely new approach. Rather than pre-specifying the equation of state x = const, it is derived as an
optimal solution. This has the advantage of adding a new physical significance: the solution has the min-
imum rest mass.

As a side benefit, [27] noted that [29] had given expressions for the rest mass for Tolman VII solu-
tion [30] and Buchdahl solution [31], both being less than the rest mass of the interior Schwarzschild so-
lution. It is then concluded that those expressions are incorrect.

Case 3. Configurations with the speed of sound not exceeding that of light

In this case, m(r), u(r) and p(r) are taken as the state functions, and z := dw/dp > 1 as the control
function. It is convenient to define

Ke—p' = (,u+p)(m+47rr2p) S 0.

r(r—2m)

Then, the optimal control problem is formulated as follows. Determine the control z which minimiz-

es My subject to the system equations and constraints

m' =4xr*u, m0)=0, mR)=M,
u'=-Kz
p'=-K, p(R)=0,

z>1 piece — wise continuous on [0, R].

The Hamiltonian takes the form

1
H = dmur? [(1—2—”1) 2 +im]—Kzlﬂ -K4,,
r

where 4, is the third costate function associated with p, and should satisfy 1,(0) = 0 since p is not
specified at the center.

With H linear in z, a non-singular control is found where —K/,,, the coefficient of z, is not identically
zero. Then, with K > 0, when 4, is negative, H will be minimum when z takes its least value 1. An approxi-
mate solution for 4, is found, showing that it is indeed negative on (0, R). The optimal solution has the linear
equation of state i = p + up , where g, > 0 is the density at the boundary » = R, determined by M and R.

The linear equation of state was first suggested by Buchdahl and Land [32] to replace the unphysical
constant density, as representing a relativistic incompressible fluid. They argued that, in a relativistic situ-
ation, incompressibility requires that the speed of sound should be the largest possible, that is the speed of
light. Earlier, Eddington [33] suggested 1 — 3p = const. Later, Cooperstock and Sarracino [34] suggested
Uproper = 11/ |gul"® = const. The results here support the suggestion of the linear equation of state. It is in-
duced by the same physical motivation as the constant density, but with the additional relativistic con-
straint.

VI. Conclusion

We have given a review of direct applications of optimal control to two problems in relativistic astrophys-
ics. Each problem, with a specific objective function beforehand, has been formulated and solved as op-
timal control problem.

The first problem determines the configuration of a neutron star with maximum mass. The clever
formulation of this problem yielded a typical optimal control problem that had been solved using optimal
control methods.

The second problem gives a proof of a variational principle that is brief and straightforward, com-
pared to proofs using classical variational calculus. This advantage should be expected. Pontryagin’s
maximum principle already used variational calculus to derive the optimality conditions for a general
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problem form. Once the problem at hand is cast into that form, the optimality conditions can directly be
applied. Variational principles are common in branches of physics, and could be candidates for optimal
control application.

For stellar models, Fujisawa et al [35] established a bound on the maximum M/R ratio, where a nu-
merical solution was given. The problem was initially modeled as an optimal control problem. However,
it was solved using variational calculus that required long derivations. It would be interesting to solve that
problem using optimal control methods.

We have also given a review of innovative applications of optimal control to three problems in rela-
tivistic astrophysics and cosmology. These problems are different; no objective function is initially given.
However, each has, indeed, been modeled as an optimal control problem. Rather than using adhoc as-
sumptions, an objective function is sought to be optimal. Then, the well-established techniques of optimal
control would result in the solution, with the advantage of adding a new physical significance.

This approach may be extended to other problems with different configurations such as rotating
stars, binary systems, inhomogeneous and/or rotating universes. It may also be extended to problems with
more realistic matter having, for example, anisotropic pressure and/or viscosity.

However, at constructing optimal control problems, specifying state and control functions is, some-
times, not a simple task, and should take utmost care. A serious challenge is to specify some optimality
criteria that should be physically relevant and should also yield a mathematically solvable problem. It
would take a lot of hard work but could, at the end, lead to interesting and powerful results.

It is worth-noting that a different application of optimal control to GR has recently been published.
Ansel [36] presented a path integral formalism, based on the framework of optimal control theory, with a
new Lagrangian different from the Einstein-Hilbert Lagrangian [37]. Einstein’s field equations are then
recovered exactly with variations of the new action functional.

The reviewed problems demonstrate the advantages of adopting such an approach, and motivate fur-
ther applications of optimal control to problems in GR.
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NMpuMeHeHne OoNTUMaNILHOIO ynpaB/ieHUs kK o6Leil Teopun oTHocuTenbHocTH (35-48 c.)
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AHHOTaUuus

MocTtaHoBKa npo6neMbl. PaccMaTpuBalOTCA MOAXOAbl K MPUMEHEHWUIO OMTUMAsIbHOrO YMpaBfeHus B 3ajadvax oblien
TEOPUW OTHOCUTENBHOCTM

B nepBoM noaxoze AN KaXAoW 3afaum onpeaeneHa ueneBasl yHKUMs. PaccMOTpeHbl ABa NpyMepa peLLeHuii Takmx 3aaad
HEMNOCPEACTBEHHO METOZAMM OMTUMAJIBHOTO YMNpPABEHNS.

Bo BTOpOM noaxofe B 3afadax obweil Teopuum OTHOCMTESILHOCTM MOXHO BBECTM COOTBETCTBYIOLUME LieneBble (ByHKLMM.
PaccMOTpeHbl TpU MpUMepa pelleHusi TakWx 3agad, B paMKax KOTOpbIX CTPOSITCS, COOTBETCTBEHHO, OMTMMasbHas
MHMNAUMOHHAs BCEMEHHAs!, ONTUMAsIbHLIE KOCMOJIOTMYECKas W 3Be3aHast MOAENM.

Llenb. CpaBHMTL ABa Noaxoaa K NMPUMEHEHWIO ONTUMAasbHOMO YNpaBieHnst B 3afadax o6Leii TEopuM OTHOCUTENBLHOCTY.
Pe3ynbTaTtbl. [10/ly4eHHbIE PE3YNbTaThl MOKa3bIBAOT, YTO KIACCUYECKOE BAapUALMOHHOE WCYUCIEHME B PACCMOTPEHHbIX
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6narogaps NpUMEHEHMIO ONTUMASbHOrO YNpPaB/EHMS.
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